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1. Introduction

According to the scattering theory of quantum transport, the electrons
propagate through mesoscopic conductors between large charge reservoirs
similar to photons in wave guides. The conductance is described in terms of
transmission modes or transport channels with transmission coefficients 7.
The stochastic transmission of electrical charge through the scattering re-
gion causes fluctuations of the current, i.e. current noise. This is called shot
noise similar to the noise in vacuum tubes. For a single channel the spectral
density S7(w) of the classical shot noise is given by S7(0) = 2el « T in the
limit of small frequency w. This result holds for small transmission prob-
abilities 7 < 1 where the statistics of current fluctuations is poissonian.
As T increases the statistics crosses over to a binomial distribution which
leads to a suppression of the shot noise S;(0) = 2el(1 —T) < T(1 —1T)
[1, 2, 3, 4]. In the limit 7 — 1 and temperature 7" — 0 the noise vanishes
as a consequence of the Pauli principle. At finite temperatures not only
the transmission is stochastic, but also the occupation number of the single
particle states in the reservoirs. In equilibrium this leads to the thermal
(Johnson-Nyquist) noise with S7(0) = 4kgT'G, where G is the conductance
of the sample.

On the other hand, the scattering region of a diffusive conductor con-
tains usually many transport channels whose transmission coefficients obey



a universal distribution function which favors values of 7, close to zero and
close to unity [5]. On average this leads to a universal suppression factor
of 1/3 with respect to the Poisson limit: S7(0) = 1/3 - 2el for diffusive
wires [6]. This result is universal in the sense, that it does depend on nei-
ther the shape nor the material of the conductor; even spatial variations of
the conductivity are allowed [7, 8, 9]. The noise suppression in the diffu-
sive limit has been predicted quite long ago, but was only recently verified
experimentally [10, 11]. The reason is related to inelastic scattering of the
electrons in the contacts [11], which is hard to treat in the framework of
the scattering theory on a quantitative level.

When the electrons can be treated quasi-classically there is an alterna-
tive, very different approach to the noise based on the quasiclassical kinetic
theory [12, 13]. In this approach the noise is expressed in terms of the quasi-
classical distribution function f(F) of the electrons. The binary alternative
is the occupation or emptyness of the single particle states rather than the
transmission or reflection of electrons. Since f(F) varies between 0 and 1,
we have again a binomial distribution. Accordingly, the noise is given by
the variance of the occupation number f(1 — f) averaged over energy and
space, i.e.:
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where  is the sample volume.

In this paper we will assume that the samples are narrow wires of length
L between large reservoirs, as sketched in Fig. la. The main advantage of
the kinetic theory is, that it allows the calculation of f(E) via the Boltz-
mann equation. Taking into account the inelastic scattering it reads in one
dimension

51(0) / & dE f(E,x) (1 - f(B,x)) | (1)
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Here D ist the diffusion constant and Z the collision integral containing
f(E,z) and an energy dependent scattering kernel which depends on the
nature of the inelastic scattering processes [14]. In the absence of inelastic
scattering, f(E,x) varies linearly in space, while for fixed position f(F,x)
is a weighted average of the distribution functions in the reservoirs. For
a narrow wire at low temperatures f(F) has a two step shape, reflect-
ing the superposition of the two fermi functions in the reservoirs at each
end of the wire. This two-step shape is sketched in Fig. 1b and has re-
cently been observed experimentally [15]. If f(E,x) is inserted into Eq. 1,
the 1/3-suppression of the shot noise is recovered. The sharpness of the
steps is determined by the temperature of the reservoirs. In the presence
of inelastic scattering the steps are further smeared until local thermody-
namic equilibrium is obtained, i.e. f(E,z) = fo(T(z),u(x)), where fy is



the fermi function. In this limit, the noise assumes another universal value:
S7(0) = V/3/4 - 2el [12, 16, 17]. We note, that in the absence of inelastic
scattering the results of the quasiclassical approach and the scattering ap-
proach based on random matrix theories are identical. This holds not only
for diffusive wires, but also for chaotic cavities, which are characterized by
the universal suppression factor 1/4 [18, 19, 20].

2. Andreev- and multiple Andreev reflection

Several new features are expected, when one or both of the normal con-
ducting (N) reservoirs are replaced by a superconductor (S). Electrons with
energies smaller than the gap energy A cannot enter the superconductor
because there are no single particle states available. Instead, charge is trans-
ferred by the process of Andreev reflection (AR) [21]. An electron with en-
ergy E (with respect to the chemical potential of the superconductor) is
retroreflected as a hole with energy —FE at the NS interface and a Cooper
pair enters the superconductor. Since the charge transferred by a single
Andreev reflection process is 2e, the conductance of an ideally transmissive
channel doubles [22]. The same doubling is expected for the shot noise of
a SNN-structure, where one of the reservoirs is replaced by a superconduc-
tor [23]. This has been confirmed experimentally by Jehl et al. [24] and by
Kozhevnikov et al. [25]. As in the NNN-case, the shot noise can be expressed
in terms of the kinetic theory [26]. The key point is that a quasiparticle dif-
fusing at an energy |E| < A in the vicinity of the NS-interface hits the
interface many times, implying many conversions from electron to hole and
vice versa. Because the diffusion times as an electron and as a hole are ran-
dom, but equal on average, one obtains f(F) = 1/2 near the NS-interface,
provided that the number of electrons impinging from the normal reservoir
is equal above and below the chemical potential of the superconductor [27].
The noise calculated with this distribution function is S; = 2/3 - 2el in
agreement with the naive expection based on charge doubling. Note, how-
ever, that the noise is not generated at the highly transmissive interface (as
opposed to the case of tunnel junctions where the noise originates from the
barrier), but by the current fluctuations in the diffusive wire. Fig. 3 shows
the noise of a diffusive NNS-junction as measured by Jehl et al. [28]. The
experiment clearly shows the expected shot noise doubling for eV < A. The
kink at eV = A is caused by the onset of quasiparticle transmission into the
reservoirs for eV > A. In absence of inelastic scattering, the semiclassical
theory agrees again with the quantum theory [23].

If both reservoirs are superconducting, quasiparticles are confined be-
tween the two NS-interfaces within an energy range 2A. In a naive classical
picture the quasiparticles are diffusing back and forth between the two
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superconductors, taking Cooper pairs from one side and delivering them
on the other. This peculiar ’shuttle’ process is called multiple Andreev re-
flection (MAR). A more rigorous quantum mechanical calculation reveals
the formation of pairs of Andreev bound states at zero applied voltage
[29]. If a phase bias is applied between the superconductors the Andreev
bound states carry a net supercurrent at temperatures kT < FE.. Here
E. = hD/L? is the Thouless energy which is determined by the diffusion
time 7p through the sample. In this paper we mainly want to restrict our
discussion to the simplest case kT > E., where the supercurrent is aver-
aged out. At finite voltages, the MAR manifests itsself in a different way.
The quasiparticles are no longer confined indefinitely, but can escape after
a finite number of Andreev reflections. This is explained in Fig. 2. If the
applied voltage eV is an integer fraction of 2A, i.e. n = 2A/eV, the energy
range in which Andreev reflections occur splits up into n + 1 branches. For
each energy and position along the wire we have both electron- and hole-like
quasiparticles arriving from the right, respectively, the left superconductor.

It is essential that the charge transfer ¢* per injected quasiparticle in-
creases with the number of Andreev reflections, i.e., ¢* = e(1 + n). Hence,
a step-like increase of the current at integer fractions of 2A is expected,
when the bias voltage is reduced. This corresponds to peaks in the differ-
ential conductance [30] at voltages V' = 2A /ne, known as the subharmonic
gap structure. At low voltage many Andreev reflections are needed, before
a quasiparticle can escape into one of the superconducting banks. Subhar-
monic peaks up to many orders have been observed [31] in ballistic SNS
contacts based on InAs quantum wells. The above argument does not de-
pend on whether the quasiparticle motion is ballistic or diffusive and sub-
harmonic gap structures have also been found in diffusive systems [32, 33].
However, since the average diffusion times 7p = L?/D are much longer
than the ballistic traversal times 7yqyi5tic = L/vp, the observation of sub-
harmonic gap structures is more easily hindered by inelastic scattering. An
example is shown in Fig. 4, where peaks up to fourth order can be seen.
The peak positions scale well with A(7T") and 1/n. Sometimes the peaks are
slightly split (i.e. for n = 3), a feature not understood yet. Details of the
sample design and measurement can be found in [33].

3. Effect of multiple Andreev reflection on the distribution func-
tion of diffusive SNS samples

The confinement of quasiparticles by MAR is expected to have a drastic
effect on the distribution function. We start the discussion at the high volt-
age limit and first neglect inelastic scattering. Figure 5 shows a schematic
of the distribution function in this limit. If the junction is biased at a high



voltage, e.g., eV = 4A, there are two energy regimes where (single) An-
dreev reflection can occur, i.e., the gap regions of the two superconductors.
Since eV > 2A there is an intermediate regime of regular diffusion. As in
the NS-case discussed above, the distribution function near the interfaces
is reduced to f(E) = 1/2, if E is in one of the gap regions. The superpo-
sition of these two distributions with equal weight (corresponding to the
middle of the wire) results in four steps in f(E) as opposed to the two-step
distribution function obtained in the case of normal reservoirs. This pecu-
liar shape of f(F) has been observed directly in a very recent experiment
by Pierre et al. [34]. Figure 6 shows the evolution of f(FE) as a function
of voltage. As the bias voltage is reduced the intermediate zone of regular
diffusion shrinks and vanishes at eV = 2A. For lower voltages the two gap
regions overlap and multiple Andreev reflections occur, resulting in even
more steps [35]. As the voltage is reduced further, the steps become finer
and finer and their number increases. In the limit of V' — 0, f(E) becomes
a straight line between 1 at £ = —A and 0 at £ = +A. If f(E) is averaged
according to Eq. 1 all step-like features disappear and the noise becomes a
straight line [35, 36]:

S1(0) = % (eV +24) . 3)

This is just the result for a diffusive wire between normal reservoirs, but
offset by 4GA/3. The finite offset of the noise at V' — 0 reflects the finite
broadening of f(E) at V' — 0. To compare this result with the Poisson
noise it is possible to introduce a voltage dependent Fano-factor defined by

S7(0) = F - 2el . (4)

Comparison with Eq. 3 results in

1 2A
FV)==-[1+—) . )
=3 (1+%) )
This precisely coincides with the naive expectation S7(0) = 1/3 - 2¢*I with

¢* = e(1 + n) and n being the number of Andreev reflections as defined
above.

4. Effect of inelastic scattering

The observation that S;(0) — 4GA/3 in the limit V' — 0, as evident
from Eq. 3, at first sight appears to be in contradiction to the fluctuation
dissipation theorem, which states S7(0) = 4kpGT, ie., St = 0 at T =
0. This contradiction is resolved in presence of inelastic scattering, when



energy is removed from the electron system. We have to distinguish the
effects of inelastic electron-electron (el-el) scattering and electron-phonon
(el-ph) scattering. The el-el scattering leads to a smearing of the steps in
f(E) towards local thermal equilibrium, including the occupation of states
with energies |E| > A. In this way a part of the dissipated power can be
removed into the reservoirs. The el-ph scattering additionally dumps energy
into the bath and thus leads also to a narrowing of the distribution function.
In real samples, the width of the distribution function will be governed by
the balance between the energy input via the current and the energy drain
into contacts and the phonon bath, the bottleneck is determined by the
energy dependent scattering rates.

In order to calculate the effect of inelastic scattering, the full Boltzmann
equation (Eq. 2) has to be solved. This can be done numerically [15]. In
Fig. 7 we show f(E) calculated for two examples using Nb (Al) as the su-
perconductor and Au (Cu) as the normal metal. In order to show the effect
of different strengths of inelastic scattering we kept the ratio eV/A = 1.35
constant in both cases. Because of the much larger gap of Nb (Apnp ~ 1.3
meV) compared to Al (A4 ~ 0.186 meV), the case of Nb involves much
higher energies than the case of Al. The scattering integral in Eq. 2 con-
tains a kernel K(€) depending on the energy exchange e in the collision
[37]. The dependence is usually algebraic, i.e. K(¢) = k €, where & is a
constant determined by the scattering matrix element and the exponent
« is characteristic for the scattering mechanism. For the electron-electron
scattering one obtains @ = —3/2 in the case of disorder enhanced el-el
interaction [38] and o = —2 in the case of impurity-spin mediated el-el
interaction [39]. In contrast, for the el-ph scattering o = 2 is found [40],
when disorder is neglected. The negative sign of « reflects the importance
of quasi-elastic scattering processes characteristic for the el-el interactions
[38], while a = 2 for the el-ph scattering reflects the energy dependence of
the phonon density of states (DOS) in the Debye model. In any case, the
collision integral is greatly enhanced with increasing width of the distri-
bution function, because the phase space available for scattering increases.
Hence, the scattering is expected to be much more effective in Nb-based
junctions as compared to Al-based junctions.

Figure 7a shows f(E) of the Nb based junctions for the three cases of
absence of inelastic scattering, inclusion of el-el scattering, and inclusion
of both el-el and el-ph scattering. We have used «g;_¢; = —2 and values
of Kej—er and kep—py inferred from weak localization measurements [41]. It
is seen that the el-el scattering completely smears the steps expected from
independent electron model, while the width of the distribution function
is not changed. The inclusion of el-ph scattering leads in addition to a
pronounced narrowing of the distribution function, i.e. a cooling of the



electron system by the bath.

On the other hand, for the Al-based junctions the effect of el-el scatter-
ing is much less pronounced as illustrated by Fig. 7b. The steps are slightly
smeared, but still clearly visible. More important, there is no visible effect
of the el-ph scattering. The reason is the rapid decrease of the phonon DOS
at low energies. These observations hold nearly unchanged up to 7" = 600
mK.

5. Noise measurements

We now turn to our main experimental results, i.e., the effect of quasiparti-
cle confinement on the shot noise of diffusive SNS junctions. In the case of
the Nb-based junctions (see Fig. 8a) we observe a very steep increase (filled
circles) of the noise with increasing voltage, which levels off above V' 2> 1
mV. As a reference, we have also measured the noise in a magnetic field
of 6 T, where the superconductivity of the Nb is completely suppressed.
In the latter case (open squares) we see the expected linear increase with
the 1/3 suppression factor for diffusive wires. At higher voltages the noise
increase with an exponent < 1, which we attribute to el-ph scattering in
the Nb reservoirs [42]. Above eV = 2Ay;, the two curves should come very
close together because the Andreev reflection rapidly dies out above the
gap. This is indeed observed. The solid line is the result of the simula-
tion with no adjustable parameters. The agreement is surprisingly good,
because no adjustable parameter has been used. The theoretical curve is
nearly independent of k¢ ¢, but mainly determined by Apyy and Kej—pp-
Therefore, our measurement demonstrates in particular the cooling of the
confined quasiparticles by the el-ph scattering. Similar results have also
been obtained by Hoffmann et al. [43].

When looking at the Al-based junctions (see Fig. 8b) everything is
shifted to much smaller energies. The filled dots are the noise measure-
ments in the superconducting state, showing a roughly linear increase of
the noise with the voltage and with an apparently finite intercept on the
vertical axis. The open squares represent again the reference measurement
in the normal state. In this case the simulation (solid line) does neither
depend on Kej_g nOr ON Kej—pp, but directly reflects Eq. 3, which contains
only on A 4;. This shows that in the investigated voltage range neither the
el-el nor the el-ph scattering have an effect on the noise. On the other hand,
the simulation and the experimental data agree well only at higher volt-
ages eV 2 A. We believe that the apparent suppression of the measured
noise with respect to the simple model of incoherent MAR is caused by the
proximity effect, which we have neglected so far. This issue will discussed
further in the next section.



6. Multiple charges?

So far we have completely neglected the proximity effect, i.e. the phase co-
herent propagation of quasiparticles and the Josephson coupling between
the superconducting reservoir. At small voltages and our lowest measure-
ment temperature, however, this is not justified, as indicated by the su-
percurrent apparent in the divergence of the differential conductance near
zero bias voltage (see Fig. 4). At T' ~ 400 mK the Cooper pairs penetrate
into the normal metal on the length scale Ly = /AD/27kgT ~ 300 nm.
It is plausible that the penetration of the superconducting condensate into
the normal wire gives rise to a supercurrent component in the total current
which reduces the current noise. In order to check this hypothesis, we have
measured the low voltage noise also at elevated temperatures, where the
supercurrent is exponentially suppressed. In Fig. 9, we have plotted the
Fano factor, respectively the effective charge ¢* = 3e F(V') as a function
of 1/V for different temperatures. The voltage range has been restricted
to V 2 2 uV, where the change of the differential conductance dI/dV are
kept smaller than 2 to avoid errors when converting the measured volt-
age noise into current noise. Despite the significant scatter of the data, we
see a linear increase of ¢* with 1/V up to very large values of ¢* =~ 50 and
more. The solid line is the prediction of the semiclassical theory [35, 36], i.e.
Eq. 5. The agreement between the semiclassical theory and the data means
that even at very low voltages no significant suppression of the shot noise
by inelestic processes occurs. The dashed line is the prediction of a fully
quantum mechanical calculation by Naveh and Averin [45], which results
in a slightly different Fano factor F' = (1 — 1/v/2) 2A/eV ~ 0.29 - 2A/eV.
This is another example for the surprisingly good agreement between qua-
siclassical and quantum mechanical approaches, although one should keep
in mind that the latter calculation is valid in the limit E. > A, while our
samples are in the opposite limit.

How literally should we take the simple explanation of the enhanced low
voltage noise in terms of multiple charges produced by the MAR? Each in-
jected quasiparticle indeed generates a whole avalanche of 2A /eV Andreev
reflections. Although this process cannot be viewed as the transmisson of a
coherent charge package, it appears at a single shot in the frequency range
where our experiment is operative. We measure at frequencies around 100
kHz, i.e., on the timescale of several microseconds. The diffusion times
across our samples are typically fractions of nanoseconds, implying that we
cannot detect the correlation times induced by avalanches of 50 MARs and
more.



7. Further developments

In this paper we have discussed the simplest possible effects induced by
multiple Andreev reflection. However, there are numerous additional effects
arising from the proximity effect, which we have completely neglected so
far. In a NNS-geometry with one superconducting and one normal reservoir
it is kown that there are phase coherent contributions to the conductance
leading to resistance oscillations in Andreev interferometers [46] and the re-
entrance of the proximity-enhanced conductance at low temperatures kT <
E¢ [47]. The analoga of these phenomena in the noise are discussed by
Reulet et al. in these proceedings. It is found that the fano factor develops

near eV ~ FE¢ a phase sensitive suppression below the semiclassical value
of F =2 [48].

In SNS-geometries with short wires, the Josephson effects are expected
to lead to considerable complications. In fact in the vicinity of the tran-
sition to the zero resistance state our samples have exhibited a dramatic
supercurrent noise peak [33]. Previous work on shunted Josephson junc-
tions [49] suggests that this may be quantum noise mixed down to lower
frequencies. Further work is required to settle this issue and to investigate
possible deviations from the RSJ model.

Another very interesting direction of research is the study of extremely
small, i.e. atomic point contacts as reported by Cuevas et al. in these pro-
ceedings. Using a mechanical break junction technique, metallic contrictions
are prepared which contain only a few conduction channels [50]. The full
quantum theory of multiple Andreev reflection is required to describe dc
transport and shot noise in atomic dimensions [45, 51, 52]. The quantitative
agreement between theory and experiment is excellent [53].

8. Conclusions

We have shown, that the simple effect of quasiparticle confinement by An-
dreev scattering in diffusive SN- and SNS-junctions has drastic effects on
the quasiparticle distribution function. The changes of the distribution
function are reflected in the shot noise. When the effect of the inelastic
scattering is weak, the noise can mostly be described in terms of an effec-
tive charge ¢*, introduced by the Andreev reflection. In the case of SNS-
junctions, the width of the distribution function at low voltages is finite
and of the order of 2A, provided that the electron-phonon scattering is
weak. On the other hand, when the electron-phonon scattering becomes
important, the quasiparticles are thermalized and cooled down. Short Al-
and Nb-based junctions are examples for these limiting cases.
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Figure 1. (a) Sketch of a typical sample consisting of a narrow wire made from a diffusive
normal metal and two thick and large reservoirs. (b) Schematic of the quasiparticle
distribution function near the reservoirs (dashed lines) and in the center of the wire (solid
line). In the center a typical two step shape emerges, which results from the superposition
of quasiparticles coming from the left and right reservoir.
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Figure 2. Schematic of the multiple Andreev reflection process for eV = A/2. The dark
shaded regions correspond to the energy gap. The light shaded regions correspond to
occupied quasiparticle states in the superconductors. The electrochemical potential of the
two superconductors are labeled p1 and p». Electron-like quasiparticles are injected from
the right. Each Andreev reflection at the left interface converts electron-like quasiparticles
with energy —F with respect to p1 into holes with energy E and vice versa. At the right
interface the Andreev reflection takes place with respect to ps. A total charge of 5e per
quasiparticle is transferred by this particular MAR cycle.
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Figure 8. Shot-noise measurements (dots) in an NNS (Cu-Nb) junction compared to
the predictions (solid line) from the semiclassical theory [26] with the superconducting
gap A as only parameter (reproduced from [28]). For eV < A the predicted doubled
shot noise is confirmed experimentally. The dashed line simulates a doubled shot noise
above A to quantitatively emphasize the difference with the normal case. For eV > A

an excellent quantitative agreement with the theory is found.
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Figure 4. Differential conductance per wire dI/dV vs. voltage V of a chain of 16 Cu wires
between Al reservoirs for several temperatures. The Cu wires are 0.9 pm long, 160 nm
wide and 18 nm thick and have a diffusion constant D ~ 72 cm?/s. The thickness of the
Al reservoirs is 150 nm. The arrows indicate subharmonic gap structures corresponding
approximately to integer fractions of 2A. The structure at zero bias signals the presence
of a supercurrent at the lowest temperatures. Left inset: Position of the conductance
peaks vs. 1/n for three different samples. The solid line indicates the scaling for the gap
of bulk Al Right inset: Position of the 2A conductance peak vs. temperature for two
samples with different normal state conductance (o : 50 mS, o : 29.3 mS). The solid line
is a BCS fit for 2A =325 peV and T, = 1.23 K.
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regular
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Figure 5. Schematic of the quasiparticle distribution function in an SNS sample at high
bias voltage eV = 4A. The Andreev reflection in the gap regions of the superconductors
near the reservoirs (dashed lines) leads to the generation of holes at the left interface and
to the generation of electrons at the right interface. As discussed in the text, f(E) = 1/2
in the gap regions. By the superposition of the two boundary functions a four-step shape
of the distibution function emerges in the center of the wire (solid line).
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Figure 6. Evolution of the distribution function with decreasing voltage. If the gap
regions overlap for eV < 2A, multiple Andreev reflections occur. More and more steps
appear at low voltages, resulting eventually in a minimal width of the distribution func-
tion of 2A.
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Figure 7. Effect of inelastic scattering on the distribution function of (a) a Nb/Au/Nb
contact and (b) a Al/Cu/Al-contact. The ratio eV/A = 1.35 is the same in both panels.
The figure illustrates the drastic difference in the efficience of the inelastic scattering on
the thermalization and the cooling of the quasiparticles depending on the absolute value
of A.
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Figure 8. (a) Scaled excess noise Sy /dV/dI as a function of voltage for a series of 9
Nb/Au/Nb junctions of 2 um length, 200 nm width and 15 nm thickness for supercon-
ducting (e) and normal (O) Nb reservoirs. The arrow indicates V = 2A/e =2.6 mV.
The solid line represents a numerical solution of Eq. 2 assuming for the interaction pa-
rameters Kej—e; = 4 nsfl, Kel—ph = 13 ns 'meV~? and a diffusion time 7p = 0.56 ns.
The dotted line shows the usual 1/3-shot noise suppression for diffusive wires between
normal reservoirs. (b) Scaled excess noise Sy /dV/dI as a function of voltage for the same
device as in Fig. 4 with superconducting (e) and normal (O) Al reservoirs. The arrow
indicates V' = 2A/e =0.37 mV. The solid line represents a numerical solution of Eq. 2
assuming for the interaction parameters ke;—; = 1 157", Ker—pr = 5 15" 'meV ™2 and a
diffusion time 7p = 0.11 ns. The dotted line shows the usual 1/3-shot noise suppression
for diffusive wires between normal reservoirs.
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Figure 9. Effective multiple charge ¢* = S7/2I as a function of 1/V. Despite the consid-
erable scatter of the data, a linear increase of ¢* can be seen. The solid line indicates the
theoretical estimate for ¢* for the quasiclassical theory. The dashed line is the prediction
of Naveh and Averin [45].



