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ABSTRACT

Shot-noise in the electrical current through a ‘device’ is caused by random processes that determine the electron
transport from source to drain. T'wo sources can be distinguished: on the hand, electrons may randomly emanate
from the contacts (source and drain), because the relevant states in the reservoirs fluctuate. On the other hand,
the transmission through the device is non-deterministic (non-classical). As we demonstrate in this article the
former dominates noise in the vacuum tube, whereas the latter applies to coherent mesoscopic devices, which
have been studied in great detail during the last decade.
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1. INTRODUCTION

Shot-noise in electrical devices is due to time-dependent fluctuations in the electrical current caused by the
random transfer of discrete charge units. In 1918 Walter Schottky' analyzed these fluctuations in vacuum tubes
for the first time arriving at his famous Schottky formula. It states that the spectral density S of the fluctuations
at ‘low’ frequencies is proportional to the unit of charge e and to the mean electric current |I|, explicitly S = 2e|I].

In recent years shot-noise of mesoscopic conductors has been investigated extensively.?® In these systems

shot-noise is a quantum phenomenon originating from diffraction of the wave function.* Responsible for shot-
noise is the quantum mechanical uncertainty of not knowing with absolute certainty whether a particle incident
on a scattering region will be transmitted from source to drain.

Schottky derived his formula before the existence of quantum mechanics, solely making use of classical
statistical arguments. In retrospect, one may ask the question whether shot-noise in a vacuum tube is classical
or not. The answer is not straightforward: Most engineers, for example, are convinced that shot-noise is a
classical phenomenon altogether. The mesoscopic physics community, on the other hand, tend to believe that
shot-noise in electrical conductors is quantum in general. This has motivated us to analyze the randomness
contributing to shot-noise in vacuum tubes in detail. As we will show in this article, it turns out that quantum
diffraction in the emission process can be neglected in vacuum tubes. The main source of noise stems from the
classical occupation of electron states. (i.e. the Boltzmann tail) within the cathode. Hence, Schottky’s vacuum
tube is classical!

Before proceeding to an in-depth analysis of the source of noise of a vacuum tube, let us have a look at
the prototype quantum system, which is a tunnel junction. In such a device, the stochastic nature of electron
transfer originates from the quantum-mechanical uncertainty, which we describe by a transmission probability T'.
It appears like a coincidence that shot-noise in this device is given by Schottky’s formula, too. Hence, although
the nature of randomness is different, it is not apparent in the final formula for S, which remains to be S = 2e|I]|.

In a macroscopic tunnel device, there may be several channels that contribute to transport and an appro-
priate average has to be considered. Shot-noise has, however, been measured in the smallest possible tunnel
device, namely on a single atom contact realized by the tip of a scanning-tunneling microscope (STM).5 This
approach has two important advantages: First, the tininess ensures that only one channel contributes. Secondly,
the electrical conductance of an STM junction is regulated at very low values as compared to the quantum
conductance of an open channel, ensuring that the transmission probability T is very low. Typically, T' ~ 1075,
In fact, a small T is the requirement that ‘full’ shot-noise given by Schottky’s formula is obtained. The measure-
ment citeBirkPRL1995 indeed agrees nicely with Schottky’s predication, see Fig. 1.
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Figure 1. Left: schematics of an STM tip (Pt) held in close proximity to a clean metallic (Au) surface. Right: measured
current noise S vs. current I, displaying the transition from thermal noise at equlibrium (i.e. for I = 0) to shot-noise
a) at 300K with R ~ 0.32GQ (open triangles), and b) at 77K with R ~ 2.7 GQ2 (solid triangles. The solid curves are
theoretical predictions for ‘full’ shot-noise, corresponding to a slope of 1 in the non-equilibrium regime, i.e. eV > kgT.
R = V/I is the tunneling resistance, which is stabilized by a feedback system during measurements. The feedback only
responds to frequencies < 10kHz, whereas noise was measured at a much larger frequency of 200 kHz.

The present article is structured as follows. We briefly summarize the theoretical facts for shot-noise of
mesoscopic devices in section 2. We introduce the parameters of a vacuum tube relevant for our analysis in
section 3 and proceed to the analysis in section 4. Having studied the two most extreme cases for shot-noise in
electrical devices, we briefly give an outlook into the power of shot-noise as a diagnostic tool in section 5 and
close with an outlook in section 6.

2. SHOT-NOISE OF A TWO-TERMINAL CONDUCTOR

We start with a simple derivation of the expression for the power spectral density of the current noise of a two-
terminal mesoscopic conductor along the lines of Martin and Landauer.® In their paper the fluctuating currents
result from the random transmission of electrons from one terminal to the other. It is explicitly assumed that
energy is conserved. Hence, there are no inelastic processes considered. Different processes contribute to the
noise for each energy F and mode n:

1. A current pulse occurs whenever an electron wave packet incident from the left terminal is scattered into
an empty state in the right terminal. The rate 7, ! of these events is proportional to the probability f7,(E)
for an energy state E in the left reservoir to be occupied times the probability 1 — fr(E) for the state in
the right reservoir, in which the electron scatters into, to be unoccupied, times the transmission probability
from left to right: T''(E) = T,,(E):

T~ FL(E)L — fr(E)] Tu(E). (1)
The factor 1 — fr(E) ensures that the Pauli principle is fulfilled.

2. Of course the reverse process, that electrons scatter from an occupied state in the right reservoir to an
unoccupied state in the left reservoir, contributes to the noise too. The rate of these processes is given by:

7~ [R(E)[L = fL(B)] Tu(E), (2)

where T"(E) = T'Y(E) = T,,(E) has been taken into account.



Since we require an expression for the fluctuations, i.e. the deviations from the mean current, the mean current
squared has to be subtracted. The mean current is proportional to T, (F) [fr,(F)— fr(E)]. Thus the contribution
to noise from electrons at energy F in one specific mode n is proportional to:

JL(E)1 = frRE)] TW(E) + fr(E)[1 — fL(E)] To(E)
—[fL(B) = [r(E) T (E). (3)

The yet undetermined prefactor follows from the fact that if no bias is applied (V' = 0) the expression for the
thermal noise 4kpT'G must be recovered:

S

4kpTG = 4kpT Gy / dE (-%) > T.(E)

26, / dE2f(B)[1 - f(B)) S Tu(E), (4)

with Gy = % In equilibrium (V = 0) fL(E) = fr(E) = f(E). Thus the expression in (3) equals
2f(B)[1 = f(B)] TW(E). (5)

Comparing Egs. (4) and Egs. (5) the prefactor to Egs. (3) follows as 2G. The general expression for shot-noise
of a two-terminal conductor (in the zero frequency limit and without energy relaxation) follows as” :

S

2Go Y. [ B~ )T, + fal1 = fu) T,
—fr = frIPT2}
2Go Y. [AE{(fuL fr) + F(1 = F) Tall = T3

+1feQ = fo) + fr(L = fR)? T3} (6)

This final equation has two terms, one containing the transmission probabilities in the combination 7,,(1—1T,)
and the other squared, i.e. T?. In general both contribute, but there are limiting cases. For example, at zero
temperature, the prefactor of the second term is zero and S is proportional to the applied bias and to the sum
of T,,(1 — T},). Another limit is given by a deterministic system for which transmission is either zero or one. In
this case, the first term is zero and S is solely given by the fluctuation of the electrons within the two reservoirs,
which is expressed by the products fr r(1— fr r). It is clear from these two limits that the stochastic nature of
electron transmission, which is caused by quantum mechanical diffraction, is contained in the first term.

3. VACUUM TUBES

Figure 2(a) shows a schematics of a vacuum tube (triode): The heated cathode (K) made of a wounded tungsten
wire boils off electrons into vacuum. These are attracted by the positively charged anode (A) (Edison effect). A
grid (or many grids) between cathode and anode, which is negatively charged, controls the electron current. By
designing the cathode, grid(s) and plate properly, the tube will convert a small AC signal voltage into a larger
AC voltage, thus amplifying it.”

In case that the anode is floating no net current will flow from the cathode to the anode [Fig. 3(a)]. Instead
a negative space-charge is formed in front of the cathode, originating from evaporated electrons which are hold
back by the ionized atoms. The size x of the space-charge region can be calculated solving the Poisson-equation
Ap(x) = —en(x)/ep for the electrical potential p(x) with the electron density n(xz) = ngexp(—ep(x)/kpf) ~
no [1 — ep(x)/kp0l], where nyg is the electron densitiy within the cathode, 6 the temperature, and €g the dielectric

constant of the vacuum:
60k39
X =1/ oc? (7)
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Figure 2. Vacuum tubes: (a) Schematics of a triode. Electrons having energies larger than the work function W of the
tungsten filament are emitted from the heated cathode (K), travel through the vacuum and are attracted by the positive
anode (A). (b) Photograph of a historical tetrode (triode with additional grid) containing 4 electrodes (Telefunken EL
153).
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Figure 3. (a) Space-charge region formed in front of the cathode in a open-circuited tube. (b) For sufficiently high bias
voltages V' the space-charge is removed (saturation regime) and the potential drops linearly. W denotes the work function.

The higher the temperature the larger the space-charge region.

When the circuit is closed and the cathode is kept at a higher temperature than the anode, a thermionic
current will flow from the cathode to the anode. The magnitude of this current is limited by the negative space-
charge region in front of the cathode. This is also true when the anode is kept at a (moderate) positive potential
with respect to the cathode, because the large number of electrons near the cathode can effectively screen the
field due to the anode. In this space-charge limited regime, the current is given by

\/i e ‘/3/2
I=9\m 12 (8)

with L the distance between cathode and anode.” Only when the bias voltage V is sufficiently large all electrons
are attracted by the anode and the space-charge region is removed [Fig. 3(b)]. In this case, the current saturates
(does no longer depend on the anode voltage) and is determined by the temperature of the cathode [Fig. 4].

In the space-charge limited regime, where the possibility of escape of an electron is strongly hindered by the
Coulomb repulsion, shot-noise is suppressed. Full shot-noise S = 2¢|I| is only present in the saturation regime.'®
The question whether the shot-noise in the saturation regime is classical or quantum in nature is discussed in
Sec. 4. Before, the electrical field and current in the saturation regime will be determined.

3.1. Electrical field and current in the saturation regime

At the edge of the vacuum barrier the electron density is approximatively given by ng = a=3 exp(—W/kgf) ~
5-10' m? with a ~ 1.2 A the typical interatomic distance, W = 4.5eV the work function of tungsten and the
cathode temperature § = 2000 K. The size x of the space-charge region follows from (7) and is of the order
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Figure 4. Current-voltage characteristics of a vacuum tube illustrating the 3/2-power law in the space-charge regime
[Egs. (8)] and the saturation point (S). The dashed curves are IV-curves for different grid voltages. Within the saturation
regime the current does not depend on the anode voltage because all electrons emitted by the cathode are collected at
the anode.

10 pm. The charge build up at the cathode corresponds to an electrostatic surface potential of kgf/e so that
the surface electric field can be estimated as £ ~ kgf/ey. Inserting numbers the saturation field is of the order
10* V/m.

The electrical current density due to thermionic emission from a heated conductor is given by the Richardson-

Dushman equation'!:

§ = LO%*exp(—W/kph) (9)

with £ = emk?/272h*120 AK—2cm~2. This expression is only correct if the electrical field € is high enough so
that the space-charge is removed (saturation regime). The saturation field £ combined with the potential formed
by the image charges in the (planar) cathode leads to an electrical potential ¢(x) given by

() = —€x— 1 (10)

dmeg x’

which is illustrated in Fig. 5. The maximum of ¢(z) lies at zg = /e/4mep€, where the barrier is lowered by
ed(xg) = —2ey/e€ /4dmey ~ 8 meV. This is negligible in comparison with the work function W = 4.5V, so that
the saturation current can be estimated disregarding the barrier lowering. For a cathode area of 1072 cm™—2 and
0 = 2000 K the emission current is of the order 10 uA.

4. THE ‘SCHROTEFFEKT’ IN VACUUM TUBES

In the saturation regime, where no space-charge region exists at the cathode and fr = fanode = 0, the shot-noise
power due to the emission of electrons from the cathode is according to Eqs. (6) given by

S = 2G(0 Z / arE {fcathodeTn(l - Tn) + fcathode Tﬁ} (11)

quantum classical

Here we have made use of the fact that the occupation of the hot cathode is small (classical): fr, = feathode =
exp(—F/kpf) < 1. Therefore fr(1 — fr) ~ fr. The current I due to emission at the cathode equals

2e
I = F zn:/dE fcathode Tn (12)
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Figure 5. Image potential determining the barrier shape in emission of electrons from the hot cathode for different
electrical fields £. For very high fields the barrier becomes very thin so that electrons can tunnel through and the
emission noise will be of quantum nature.

There are two terms in Eqgs. (11) contributing to the noise: the first term is the quantum mechanical part
since it only contributes for transmission probabilities T # {0,1}. The second term is classically because it
dominates when the transmission process is deterministic, i.e. T, = 0 or 1. Let us evaluate S in the two limiting
cases:

Classical: Because all T},’s are either 0 or 1, T2 = T;, and shot-noise is given by

S = 2G0 Z / dE fcathode Tn (13)
The current is 5
e
I= E ;/dE fcathode Tn (14)
so that the Fano factor F' = S/2¢|l| follows as
1 4e? h
F=——""" =1 15
2¢ h 2e (15)

which is Schottky’s formula, i.e. S = 2e|I|.

Quantum: In this limit there exists 7;,’s that are neither zero nor one. We consider here only the case where all
T,.’s are small (T}, < 1), which corresponds to the tunneling limit. In this case the quantum term in Egs. (11),
which is oc T},, dominates, whereas terms proportional to T2 are negligibly small. S is then given by

S = 2G0 Z / dE fcathode Tn (16)

For the current the same expression (14) as in the classical case holds, resulting in a Fano factor of 1 as before.
We again obtain Schottky’s formula S = 2e|I|, this time however, originating from quantum diffraction.

Thus, in order to decide wether shot-noise in a vacuum tube is classical or quantum, one has to evaluate the
transmission probabilities T;, through the ‘device’. If the current is carried exclusively by channels with 7,, = 1,
quantum diffraction does not matter and shot-noise is classical.

4.1. Transmission probability at the cathode

The quantum-mechanical transmission probability of electrons with energy E above the barrier [Fig. 6] can be
determined from'2

T ~ [1 + eiQWE/h“’O] B (17)
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Figure 6. Transmission probability vs. energy according Egs. (17) for different saturation fields &£.

The energy F is given by kpf with 6 the cathode temperature. wy denotes the negative curvature at the barrier
top and determines whether the barrier is sharp or smooth. It can be obtained from the ‘force-constant’

2
f=e 8_<§ = 2\/Amege - £3/? (18)
ox* | _,
with wg = \/f/m!3:
16mege 1/4 3/4
Wo = m2 -& . (19)

If iwg < kB, T = 1 and the classical part of the shot-noise in Egs. (11) dominates. In the other limit hwgy > kg6
the transmission 7T is very small and shot-noise is due to tunneling (quantum diffraction).

First rough shot-noise measurements in vacuum tubes were carried out by Hartmann in 1921.}% A very
careful study of the ‘Schroteffekt’ was performed by Hull and Williams in 1925.1°

In the first part of the latter experiment shot-noise was measured in the saturation regime, where the
thermionic current is limited by temperature.!® The corresponding parameters are given in the first two
lines of Tab. 1. In this regime full Schottky-noise 2e|I| (F' = 1) has been measured in excellent agreement with
predictions. The ratio hiwg/kpf < 1 so that the transmission is 1. Therefore, shot-noise in this experiment is
classical.

In the second part of the experiment the effect of the space-charge on the shot-noise was investigated at
lower electric fields £. The corresponding parameters are given in the last three lines of Tab. 1. At lower
cathode temperatures full Schottky-noise is still observed. At higher temperatures, however, the space-charge
region builds up and disturbs the free transmission of electrons from cathode to anode. Shot-noise is gradually
suppressed due to Coulomb interaction. The space-charge region can be seen as a large capacitor which effectively
shunts the fluctuations. A similar effect occurs in a classical ohmic wire, in which inelastic scattering effectively
‘damps’ the fluctuations. This is why a classical resistor displays only equilibrium noise, but no shot-noise.

In summary, shot-noise in a vacuum tube is classical. It is solely determined by the Boltzmann tail in
the occupation of states of the cathode that are allowed to emit. Diffraction from the cathode to the anode is
negligibly. To our knowledge, this analysis is new. It may be of academic interest only, but since today Schottky’s
formula goes much beyond the historical derivation it has been a worth exercise. There are much more devices
which display conventional shot-noise, but look less classical than a 2000 K hot vacuum tube. One may ask the
same question for the reverse saturation current of a diode. Is S classical or rather quantum. W e are not aware
of any analysis for this device and leave this open for the future.



EV/m] | Vg [V] | Vb [V] | io [mA] | 6 [K] | hwo/kpf | T | F
3-106 120 120 1 1675 | 3.21072 | 1 | 1.00
3-106 120 120 5 1940 | 2.71072 | 1 | 1.00
1-10* -6 130 1 1675 | 4.4107* | 1 | 0.93
1-10* -6 130 3 1805 | 4.1107* | 1 | 0.49
1-10* -6 130 5 1940 | 3.8107* | 1 | 0.20

Table 1. Experimental parameters from shot-noise measurements of Hull and Williams in 1925. Vg is the voltage at
the grid and Vp at the anode plate. 4o is the thermionic current. F = S/2e|I| denotes the Fano factor. The second last
column shows that the shot-noise observed in this experiment is a classical phenomenon.

5. SHOT-NOISE AS A DIAGNOSTIC TOOL IN MESOSCOPIC DEVICES

Mesoscopic circuits are usually operated at low temperatures and shot-noise is measure under strongly non-
equilibrium conditions, meaning eV >> kg6, where V is the applied voltage and 6 the temperature. If this
holds one can set the temperature to zero in calculations to first order.'® The low temperatures should further
ensure that the transport is elastic and coherent.? Following our discussion, the noise of the connecting leads
can now be disregarded and shot-noise is determined by the quantum-mechanical diffraction through the device
alone. S is proportional to Y T, (1 — T;,) and henceforth, the Fano factor is given by F' = (T,,(1 — T3,))/(T%),
because the conductance G « Y T;,. Here (---) denotes the average over channels. In a single-channel quantum
wire, the Fano factor is simplified and given by F = (1 — T'). Consequently, shot-noise is suppressed below
the Schottky value S = 2e|I|. This suppression is generic for electron systems and originates from the Pauli
exclusion principles. In fact, a perfect quantum wire, for which 7' = 1, is ‘silent’.!”'® Noise is absent because
the transmission process is deterministic in this limit. An electron that enters the wire from the source contact
will be transmitted to the drain with certainty. It is quite amusing that a perfect quantum wire can be considered
classical in this respect!

The situation is more exciting for systems that have many channels, for example a chaotic cavity or a diffusive
(but coherent) wire. Assume we know the number of channels that contribute to electrical transport, we can
determine the mean transmission probability (7,,) from G and the variance from S. Taking a diffusive wire as
an example, one may naively expect that all ‘eigenchannels’ have a small T;,, because scattering is homogenously
distributed in the wire. In fact, the mean transmission probability (7},) is in general small. If all T,,’s were small
too, shot-noise would again be full and given by Schottky’s formula. However, this is not the case. Shot-noise
is suppressed by a universal factor which only depends on the system but not on the specific realization. The
Fano factor is 1/31%20 for a diffusive wire and it is 1/4%21:22 for a chaotic cavity. These results show that
the transmission eigenvalues are not uniformly distributed. Instead, the distribution is bimodal and strongly
peaks at T = 0 and T = 1.2  Although there is diffusion, there are always channels that are almost open.
These are the ones that carry most of the current, but do not contribute to shot-noise. There are also almost
closed channels that do not contribute to current. Finally, there are a fraction of channels with intermediate
transmission probabilities that determine shot-noise. The surprising fact of bimodal distributions can be seen as
one hallmark of theory in mesoscopic physics during the last decade.?? In studies of charge transport through
mesoscopic multichannel systems, shot-noise has been used as a diagnostic tool. The predicted suppression
factors have been confirmed?? 2425

To summarize, shot-noise in an electronic system, in which inelastic processes are absent, is in general
suppressed due to the existence of open channels with T;, ~ 1. However, this is not the full story. Shot-noise
may show an additional suppression, if the transmission process becomes classically deterministic. Consider a
chaotic cavity. If the diffraction of the bouncing electron paths are large, a universal Fano factor of F' = 1/4
is obtained.® 2122 However, diffraction may be week so that classical trajectories are a good approximation.
Then, shot-noise should disappear because a classical trajectory, no matter how complicated it is, either ends
at the drain or source contact.*26 Hence, there is no uncertainty. We have performed such an experiment in
a cavity, which could be tuned from quantum to classical and demonstrated that F' is indeed suppressed below



F = 1/4.27 This experiment proves that shot-noise in mesoscopic devices is a quantum phenomenon and clearly
distinct to noise in a vacuum tube.

6. OUTLOOK
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Figure 7. (a) Possible scheme of an entangler based on a superconductor as an injector and a high-mobility 2-dimensional
electron gas (2DEC) beam-splitter (Y-junction). (b) An actual realization.?®

In recent years, different kind of sources of entangled electrons in solid-state devices have been considered
theoretically.2® 36 Such sources would allow to study ‘2nd order’ correlations in nanostructure. Also here, shot-
noise is of great value as a diagnostic tool.?” 42  Proposals range from quantum dots, carbon nanotubes, ring
structures and edge states. The majority of proposals rely on ‘natural’ entanglement provided by Cooper pairs
that form the ground state of a superconductors. At bias voltages smaller than the gap energy (subgap regime),
only Cooper pairs can be transported from a superconductor, acting as source, trough a tunneling barrier into
a normal region. One now has to invent means to split the spin-entangled pairs into two different orbital wave
functions. In practice these wave functions correspond to two different exit channels through which the two
electrons will escape [Fig. 7]. Using shot-noise, one can first prove that pairs are injected because this should
enhance (ideally double) the overall noise.*3 47

Secondly, one can then perform a Hanbury-Brown Twiss like correlation measurement®®4° on the two exit

leads to test the degree of charge separation. Whereas in a single-electron picture, correlations are always negative
(antibunching) in an electronic device, the correlation signal is expected to become positive if two electrons are
injected simultaneously and leave the device through different exit leads. Positive correlations are a signature
of bosonic behaviour. As has been shown by Hanbury-Brown and Twiss (HBT), the correlations are positive
for a stream of particles obeying Bose-Einstein statistics, e.g. for photons that are emitted from a thermal light
source.’® Also, it is obvious, that if the spin-singlet Cooper pair splits up in a Y-junction the way indicated in
Fig. 7, the measured correlations ought to be positive. The opposite is however not true. One cannot directly
conclude from measured positive correlations that one has realized a solid state entangler. It is possible, for
example, that the spin-correlation is lost, due to spin-orbit interaction. There are more subtle scenario that
support this statement.®"> %2 In a well defined single-channel collision experiment on an electron beam splitter,
it has theoretically been shown that the measured correlations are sensitive to the spin entanglement.3?

On the experimental side, we are well behind the optical community, where single-photon sources exits in
which photons behave as electrons, where entangled pairs of photons can be routinely produced and are already
exploited for secure data communication. First steps in the realization of sources of spin-entangled electrons in
the solid state have however been done. A collision experiment on a beam splitter was performed,®®>* HBT-
like correlation experiments have been demonstrated,*®4° and enhanced shot-noise in superconducting-normal
metal systems has been found.*3 4”7 What would be required in the future are tunable semiconducting het-
erostructures, in which quantum dots, spin filters and the like can be integrated together with highly transparent
superconducting contacts. Altogether, this is a formidable task.
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